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12.1. Introduction

Rational Bézier curves are defined by the equation

2 izo wiRi B (1)

Z::O w; B:(t)
where BJ(t) = (7)(1 — t)"~'¢'. The values R; are called control points and the
w; are the control point weights [1]. A polynomial Bézier curve is defined

(12.1) R(t) =

(12.2) P(t) = ij P,‘Bf’(t).

It is well known that any polynomial Bézier curve can be represented as a
rational Bézier curve by letting R; = P; and by setting all w; to the same
nonzero value w:
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Alternately [2], one can express a polynomial Bézier curve in rational form by
using the bilinear reparameterization

Hu) = (1 u) + cu

for which #(0) = 0 and (1) = 1 for any value ¢. Then,

P(u) = EP BY (““m)
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2o Pi(0)(1 = wpri(eu)
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which can be interpreted as a rational Bézier curve for which R; = P,
and w; = ¢. If P(t) is degree elevated before the reparameterization
t(u) = cu/((1 — u) + cu) is imposed, a more complicated representation of
the polynomial curve as a rational curve results [3].

This paper addresses the reverse problem of approximating an arbitrary
rational Bézier curve R(t) with a polynomial Bézier curve P(t). Our approach
is based on the observation that any rational Bézier curve can be expressed as a
polynomial Bézier curve with one moving control point which is itself a rational
Bézier curve. We will refer to a polynomial curve with a moving control point
as a hybrid curve. A hybrid curve of degree p with moving control point m is
expressed

(12.3) H(t) = ZP: P;BP(t) + Y=o wiM; B! (t)

7 P BE.(t) = R(2),
i=0,i#m Ei:o Wy Bi (t)

o wiMBI(1t) , . .
where M(t) = zz‘::ro ww.Br(‘t)(t) is the moving control point, and w; are the same
1=0 L

weights as in (12.1). The idea of a moving control point originates with Ba]l
[4], who formulated a rational cubic curve as a degree 2 Bézier curve with a
middle control point in motion.

Figure 12.1 shows a sample cubic rational Bézier curve and F ig. 12.2 shows
a quadratic hybrid curve with control points Py, M(t), Py, where the moving
control point M(t) is a cubic Bézier curve. In order to evaluate this hybrid
curve at some value ¢, first evaluate M(¢) and then evaluate at the same
parameter value ¢ the polynomial quadratic curve with control points Po, M(?),
P;. Figure 12.3 shows the hybrid curve evaluated at t = .5.

A rational curve can be represented as a hybrid curve of any degree, and
any control point can be identified as moving. The degree of the moving control
point is always the degree of the initial rational curve. Figures 12.4-12.6 show
the curve in Fig. 12.1 represented as hybrids of degree 4, 6, and 8. In each case
the middle control point is moving.

Note that the hybrid curve is an exact representation of, not an approxi-
mation of, the rational curve.

The development of hybrid curves is discussed in §12.2. Section 12.3
discusses approximation. ‘

12.2. Creating Hybrid Curves

The most direct method for solving for a hybrid representation of a given
rational curve is through algebraic manipulation. We can freely choose the
degree p of the hybrid curve, and also can specify which control point m is
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Fic. 12.1. Cubic rational Bézier curve.

Fic. 12.2. Quadratic hybrid curve.




Fic. 12.3. FEvaluating att = 5.

Fig. 12.4. Degree 4 hybrid.
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Fic. 12.5. Degree 6 hybrid.

- Fic. 12.6. Degree 8 hybrid.
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the moving control point. We then solve for the P; and the M; in (12.3) by
equating (12.1) and (12.3):

2i=o wiRi B (1) -
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) 2i=o wiB (1) i:(%;ém ®)
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Thus, for ¢ =0,---,m—1,m+r+1,---,7 4+ p,
T
(12.4) > (J) (Z) wi[Pr — R;] = 0
Jtk=1
and for i =m,---,m+r,
T ()
These equations allow us to solve in the following order, Pg,--- s Pt
Py, ,Ppy1; and My, -+ -, M,. From (12.4),for ¢ = 0,---,m — 1,
Py = Ry,
Pl — Ro + wlr[Rl - PQ]
Wop ’
wirp[R1 — P1] + wy (3)[R2 — Po)
P, = Ro+ 5 2 ,
Wo (2)
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r—1 r ) . o
(127) P., = R+ j=max(0,1—p) (]) (i—pj)wJ [RJ Pl‘]]



Approximation of Rational Curves 155

From (12.5),

D () () wilRs = Pigmo]

(129 Mi= 2 AT R

J=max(0,i+m—p)

1=0,---,m7.

12.3. Polynomial Approximation

The hybrid representation H(t) of a rational curve R(t) leads directly to a
polynomial approximation P(t); simply replace the moving control point with
a stationary control point P,,.

An intelligent choice is the midpoint of the £ — y min-max box which
bounds the moving control point. Denote the half widths of that bounding
box A = (6z,6y). A bound on the error with which P approximates H (and
therefore with which it approximates R) is derived as follows:

(12.9) P({) - H(t) = (M(t) — Pp)BP (1),

Since [M(t) — Pr,.)| < |A] and since the Bernstein polynomial B (t) assumes

its maximum value at ¢ = 2 of (?)(1 - PR,
(12.10) P() - H(t)| < |A|(7‘i) (1 _ %)p—m (%)m.

For practical applications, it generally works best if p is an even number,
and m = p/2. In this case,

1

(12.11) [P(r) - H(1)| < |A1( p )2—,,.

/2

The hybrid curve method lends itself directly to piecewise Hermite ap-

proximation of rational curves. Note that the hybrid curve (and hence the

polynomial approximation) matches p/2 derivatives at each end point with

the rational curve. This can be seen by differentiating (12.9) k times and
noting that

(12.12) PEO)-HHO0)=0, k=0,---,m—1,
(12.13) PO —H®(1)=0, k=m+1,---,p.

To approximate a given rational curve with piecewise C?/2 Hermite
curves, first compute the error bound that is generated by performing the
approximation with a single curve. If that error is too large, subdivide the
curve in half and approximate using two curves. Then recursively check the
error on the new approximating curve segments. In the limit, replacing a single
approximating curve with two approximating curves of equal parameter length
will reduce the error by a factor of 277 (see [5], p. 67).

For example, Fig. 12.7 shows a quartic rational curve expressed using a
single quartic hybrid curve. If we replace the moving control point with a
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single control point, the error bound in the polynomial approximation is 0.24,
where the maximum horizontal width of the curve is 1. Figure 12.8 shows
the same quartic rational curve expressed using two quartic hybrid curves. In
this case, when we replace the moving control points with stationary control
points, the resulting piecewise Hermite approximation has an error bound of
0.02.

M, M3

Po

Py

Fic. 12.7. Quartic hybrid curve.

As a final example, we computed the hybrid representation of a semicircle
expressed exactly as a rational cubic Bézier curve with control points (-1,0),
(-1,2),(1,2), and (1,0) and weights 1,1/3,1/3,1. The error bounds in Table
12.1 were computed for approximating curves of degree 2, 4, 6, and 8 using
one, two, four, and eight curve segments in the approximation. Clearly, this is
not an optimal approximation for a semicircle, but it does illustrate how this
method performs.

Acknowledgments

We appreciate several suggestions offered by Professor Geng-Zhe Chang. This
work was supported by National Science Foundation grants DMC-8813688 and
DDM-8657057, and Fujitsu Laboratories Limited.



Approximation of Rational Curves

157

Fig. 12.8.

TABLE 12.1
Error bounds in approzimating a semicircle.

Two quartic hybrid curves.

Number of Segments
Degree 1 2 ] 4 | 8
2 0.5 0.125 0.01 0.00325
4 0.25 0.016 0.0014 |4.1x107°
6 0.125 0.0039 7.5%107° | 7.0 x 107
8 0.0625 | 4.9x107% [ 3.2x107% [ 1.2 x 10~8
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