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Abstract

This note derives formulae for Gaussian and mean curvatures for tensor-product
and triangular rational Bézier patches in terms of the respective control meshes.
These formulae provide more geometric intuition than the generic formulae from
differential geometry.
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1 Introduction

The rational Bézier form is a common representation in CAGD and computer
graphics. A Bézier control polygon or mesh not only mimics the shape of the
curve or surface, but also conveys much geometric insight. For example, the
curvature of a degree n rational Bézier curve with control points Py, P, ---, P,
and weights wg, w1, - -+, wy, at the starting point Py is given by (Farin, 1990)
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where a is the length of edge PoP;, and h is the distance of Py to the tangent
spanned by Py and P; (see Figure 1). This formula is more intuitive than
the one given by classic differential geometry, and is also easier to compute,
especially in the rational case.

This note derives similar formulae for Gaussian and mean curvatures of ra-
tional Bézier patches. The derived formulae are expressed in terms of simple
geometric quantities of the control mesh.
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2  Curvatures of tensor-product rational Bézier surfaces

Suppose a degree n X m rational Bézier patch is defined by

r(uv) = =5 (2)
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where BF(t) = (]:)(1 — t)*t" are Bernstein polynomials; P;; are the con-

trol points, forming a control mesh; and w;; are the weights. When all the
weights are the same, the patch reduces to a polynomial surface. We derive
the curvature formulae at the bottom-left corner (u,v) = (0,0).

By differential geometry (Do Carmo, 1976), Gaussian curvature K, and mean
curvature K, can be computed by the following formulas
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where E, I, G are the coefficients of the first fundamental form, i.e.,

E:ru'rw F:ru'rw G:rv'rm (5)

L, M, N are the coefficients of the second fundamental form, i.e.,

L=r, -n M=r, -n N=r,- n, (6)

and n =r, X r,/|r, X r,| is the unit normal vector.

For the rational Bézier patch (2), we introduce some notations as follows (see
Figure 2):

a=Pi—Pop, b=Pyu—Py, c=Py—Py,
d=Pyp—Py, e=P;; —Py, =P —Py.

(7)

Furthermore, let S denote the area of the triangle PooP19Pg1, 6 be the angle
between vectors PooP19 and PyyPy:, and h;; be the signed distance from P;;
to the plane spanned by Pgy, P1p and Pg;. If P;; lies on the side of the plane



PO0P10P01 with the direction PO0P10 X PO0P01, hij is pOSitiVG. Otherwise, hij
is negative.

It is easy to check that at (u,v) = (0,0), we have

r,(0,0) = n@a, r,(0,0) = m2%p, (8)
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For notational simplicity, in the following where there is no ambiguity, we omit
the parameter values (0,0). Thus

2 2
E:n2<@) a-a, anm(wm;}m)a~b, G:m2<ﬂ) b-b. (9)
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Note that for a rational surface r(u,v) = R(u,v)/w(u,v), the first partial

o R, Wy, : o
derivative r,(u,v) = — — r—, and the second partial derivative r,, =
w W

R, —rw,, Ryw,—rw? w . . .
u v :2 u —ruf. Applying these to the rational Bézier patch

w
(2) and letting (u,v) = (0,0) lead to
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where (- --) denotes a rather complicated expression that we will not need to
be concerned with since subsequent dotting with n will cause it to vanish.
Similarly, we can obtain

Tuo = N2 4 (- a+ ()b,
Woo

ry, = m(m — I)Z—sz +(---)b.

Also note that n = a x b/||a x b||. By the definition (6) of L, M and N, we
have

L= TL(TL — 1)@}120, M= nmﬂhll, N = m(m — 1)@}102 (10)
woo woo woo

Now substituting (9) and (10) into (3) and (4), and doing some simplifications,
we get the formulas for Gaussian and mean curvatures
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Woo —w01b waohaoo — 2W10W01(a b)wllhll + —wloa w02h02

K, = (12)
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If we further introduce notations
. wio = wol 5 1w Wo1 GWi0wor
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then the formulas can be symbolically simplified to
= (hao ho — 13, /45, (13)
Ky = (hao b = 2h1y @b cos 0 + hop 6%) /85, (14)

Remark 1. Obviously, formulas (11) and (12) or (13) and (14) just contain
some simple geometric quantities, like (scaled) length or area, related to the
control mesh of the rational Bézier patch. Compared to the formulas (3) and
(4), they are more intuitive and also simpler to compute.

Remark 2. Though the equations derived above are valid at the bottom-left
corner, by symmetry similar formulas are easily written out at the other three
corners of the rational Bézier patch. Moreover, at any point of the surface other
than the four corners, the formulas can also be used to calculate curvatures
with help of subdividing the surface there.

Remark 3. According to differential geometry, from Gaussian and mean cur-
vatures, we can compute the principal curvatures

]{71,2 - Km :l: \/Krzn - Kg.

Meanwhile, the principal directions of curvatures can be determined by

du M —kioF N —kiG
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3 Curvatures of triangular rational Bézier surfaces

A triangular rational Bézier patch of degree n is defined by

> wz’jkPijkBinjk(ua U)

i+j+k=n
r(u,v) = 15
(u, ) S o B (.0) (15)
i+j+k+n
| o
where B (u,v) = wﬁ—%u%’(l — u — v)" are Bernstein polynomials; P, are
ilgk!

the control points, forming a triangular control mesh (see Figure 3); and w;
are the weights.

As in the tensor-product case, we only consider the curvatures at corner
(u,v) = (0,0). Although we can follow the straightforward approach of Sec-
tion 2, i.e., computing the partial derivatives of the triangular Bézier patch,
here we take another approach. Since the triangular patch r(u, v) can be con-
sidered as a degree n X n tensor-product rational Bézier patch, we can utilize
the established formulas (11) and (12).

Let a = Pigm—1) — Poon, b = Poin—1) — Poon, S denote the area of the
triangle Poo,P1o(n-1)Poi(n—1), 0 be the angle between vectors Pog,Piom-1)
and Pgo,Po1(n—1), and h;; be the signed distance from Pjq,—;_;) to the plane
spanned by Poon, P1g(n—1) and Pg;(,—1). Suppose the tensor-product represen-
tation of the patch (15) is

It is easy to show that P,-j = Pijn—i—j) and ©;; = wijn—i—j for (i,j) =
(0,0),(1,0), and (0,1). Thus the geometric quantities, like a, b, h;;, and etc.,
are the same as their counterparts in the tensor-product representation except
for hq1. Therefore we only need to check P and @;;. Considering the mixed
derivative of the denominators of the above two representations at (u,v) =
(0,0), we get

n— 1w11(n_2) n W10(n—1) + Woi(n—1) — Woon
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Similarly, by considering the numerators, we have

n—1 wll(n—Q)Pll -
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If we denote the signed distance of Py; to the plane PyyP19Po; by ki1, then
n—1

D11 hi = Wi1(n—2)h11. We substitute all the above relations into formulas

(11) and (12), and the formulas of Gaussian and mean curvatures for the
triangular rational Bézier patch (15) are
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or just (13) and (14) if the following notations are adopted

- W10(n—1) 7 Woi(n—-1)
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