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The following two problems are shown to have closed-form solutions requiring only the
arithmetic operations of addition, subtraction, multiplication and division: (1) Given a curve or
surface defined parametrically in terms of raticnal polynomials, find an implicit polynomial
equation which defines the same curve or surface. (2) Given the Cartesian coordinates of a
point on such a curve or surface, find the parameter(s) corresponding to that peint. It is shown
that a two-dimensional curve defined parametrically in terms of rational degree n polynomials
in ¢ can be expressed implicitly as a degree » polynomial in z and p. It is also demonstrated
that a “bi-m-ic” parametric surface (where e.g., m = 3 for bicubic) can be expressed implicitly
as a polynomial in x, y, z of degree 2m? The degree of a raticnal bi-m-ic surface is also
shown t0 he 2m?. The application of these results to finding curve and surface intersections is
discussed. @« 1984 by Academic Press, Inc.

1. INTRODUCTION

This paper provides solutions to two problems which are fundamental to com-
puter-aided geometric design: the implicitization and inversion of parametric poly-
nomial curves and surfaces. Implicitization means the conversion of parametrically
defined curves or surfaces into their implicit forms, and inversion is the process of
finding the parameter(s) corresponding to a point on a parametrically defined curve
or surface whose Cartesian coordinates are known.

These solutions demand the resurrection of the theory of elimination—a tech-
nique which was very popular in algebraic geometry early in this century, but was
later abandoned in favor of less consiructive methods, and in whose absence these
two problems knew no closed-form solution [6,15]. Since the general theory of
elimination is a lost art, with obscure references, occasion is taken to explain it in
some detail, with particular application to the mentioned problems above.

1.1. Notation

This paper will adhere to the following notational conventions. All functions are
polynomials. A superscript on the function name indicates the degree of the
polynomial. Hence, F*(x, y, z) represents an nth degree polynomial in x, y, and z.

Superscripts in a list of variables indicate the maximum degree to which the
superscripted variable appears in the polynomial. Furthermore, a letter separated

*This work is supported in part by Control Data Corporation Grant No. 81 PO4.
TCurrent address: T. W. Sederberg, Brigham Young University, Provo, Utah 84602

72

0734-189X /84 $3.00
Copyright & 1984 by Academic Press, Inc.
All rights of reproduction in any form reserved.



IMPLICIT AND PARAMETRIC REPRESENTATION 73

from the parameter list by a vertical bar indicates the coefficient symbol. For
example, f(als", t™) signifies £ (L7 a, 5.

2. IMPLICIT AND PARAMETRIC REPRESENTATION

An implicit representation of a surface is an equation of the form f(x, y,z) = 0
where X, y, z are cartesian coordinates of points on the surface. A two-dimensional
(2-D) curve has the implicit form f(x, y) = 0. Curves and surfaces which can be
expressed implicitly in terms of a polynomial equations are known as algebraic
curves and surfaces.

A rational parametric surface is defined: x = x(s, 2)/w(s, 1), y = y(s, 1)/w(s, 1),
z = z(s,1)/w(s,1). A rational parametric curve, 2-D or 3-D, is expressed as a
function of a single parameter: x = x(¢)/w(1), y = y(¢)/w(t), and for 3-D, z =
z(2)/w(t). An integral parametric curve or surface is a rational parametric whose
denominator w equals one.

The parametric curves (and surfaces) discussed in this paper are assumed to be
irreducible in the sense that a change of variables cannot reduce the degree of the
polynomial expressions. This amounts to having a one-to-one correspondence be-
tween parameter values and points with the permissible exception of a finite number
of multiple points (and/or multiple curves). The conditions under which the degree
of a parametric equation can be reduced are addressed in Luroth’s theorem [14].

2.1. Why Implicitize

It is universally recognized that the parametric representation is best suited for
generating points along a curve or surface, whereas the implicit representation is
most convenient for determining whether a given point lies on a specific curve or
surface. This motivates the search for a means of converting from one representation
to the other. Further motivation is provided by intersection problems encountered in
surface and solid modeling systems. These problems are greatly simplified if one of
the curves or surfaces can be expressed implicitly and the other parametrically. In
such a case, the parametric expressions for one surface, x(s,z), y(s, ¢), z(s, 1), can
be substituted directly into the implicit equation of the other surface f(x, y,z) =0
to yield a single equation f[x(s, ), ¥(s, ¢), z(s, #)] = 0 which expresses the curve of
intersection implicitly in parameter space.” Converting from parametric to implicit
form is called implicitization; converting from implicit to parametric form is called
parameterization or uniformization. We shall return to the uniformization problem
in Section 7, for now we shall focus our attention on the problem of implicitization.

With such important motivation for implicitization the apparent absence of any
such techmique has been bemoaned [6]. For example, the literature is void of
any description of what the implicit form of a bicubic paich would be, let alone any
method for producing one. Indeed, in the absence of elimination theory, the
implicitization problem appears to have no general solution.

We now proceed to solve the implicitization problem. Since the primary tool of
elimination theory is not widely known, a brief tutorial is presented first.

3. FUNDAMENTALS OF ELIMINATION THEORY

Elimination theory investigates the conditions under which sets of polynomials
have common roots. Usually, the theory concerns itself with sets of # homogencous

'In general, there is no rational pelynomial for this intersection curve (sce Sect. 7).
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equations in n variables, Fi(x,...,x,) =0,..., F,(x,,..., x,) = 0. Two important
special cases of such systems of equations are first, the case where the equations are
all linear in the unknowns and second, the case n = 2.

It is instructive to consider first the special case where the polynomials are all
linear, since here we can observe a familiar example of what has been called the
fundamental theorem of elimination [8]:

THEOREM 1. Given a system of n homogeneous linear equations in n unknowns,

L S P 5
=0 oF Ax =10,
dy ‘ Ayn X
the system can have a nontrivial solution (i.e., a solution other than x, = -+ = x, = 0)

if and only if the determinant of the coefficient matrix vanishes (i.e., |A| = O).
A related theorem will be used 1o solve the inversion problem:

THEOREM 2. Given a set of r — Y homogeneous linear equations in n unknowns, the
ratio of any two unknowns x,/x; can be found by taking the ratio of the determinants of
the coefficient matrix with columns i and j, respectively, deleted and multiplying by
( _ 1)1‘+j.

Proofs of these theorems can be found in most linear algebra texts.

Elimination theory is mainly concerned with finding a relationship between the
coeflicients of a set of polynomials, such as the relationship |4| = 0 in Theorem 1,
which can be used to determine whether the polynomials have a common nontrivial
solution.

DErFINITION. A resultant of a set of polynomials 1s an expression involving the
coefficients of the polynomials such that the vanishing of the resultant is a necessary
and suflicient condition for the set of polynomials to have a common nontrivial root.

We next examine the resultant of two polynomials in one variable. There are
several ways of finding such a resultant; [13] lists half a dozen such methods. The
method most commonly found in text books of the past fifty vears is based on
symmetric functions. This approach seems to be preferable from a theoretic point of
view, but is not as practical as the methods which follow,

3.1. Sylvester’s Dialytic Expansion

This method of finding resultants invokes the device of considering all the
individual monomials of a polynomial as independent variables. Hence, x? and x
are taken to be independent. A number of auxiliary equations are generated simply
by multiplying the initial polynomials by well-chosen monomials such that the total
number of equations equals the total number of monomials {or “independent
variables™).

This technique can be more readily understcod from the following example:

Exampie 1. Find the resultant of two quadratic polynomials in one variable
using Sylvester’s method.

Let the polynomial equations be written as ax? + bx + ¢ = 0 and a’x* + b'x +
¢’ = 0. Thus we initially have two homogeneous equations in three “independent
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variables”, x2, x, and 1. By multiplying both equations by x, we form four auxiliary
equations with four “independent variables”: x* x2, x, 1. These equations can be

written as
a b ¢ 0 x?
0 a b [ x2 — AX — 0
S b & 0 - 0 or .
0 &4 b ¢ 1

We want the conditions under which the original equations have a common root.
This is equivalent to asking for the conditions under which the above set of
equations can be satisfied by some x. By Theorem 1, those necessary and sufficient
conditions are expressed in the vanishing of |A|. Therefore, the resultant is | A|.

To illustrate, consider two examples. The resultant of f(x) = x? — 6x + 2 and
g(x)=x%+ x + 5is 233, so f and g do not have a common root. The resultant of
f(xy=x*—4x+ 5 and g(x) = x* — Tx + 10 is 0, indicating that they do have a
common root. That common root is-the number 5. Although the resultant does not
directly reveal the common root, it can be found from the resultant matrix using
Theorem-2 as follows: The first step is to arbitrarily discard any row of the resultant
matrix. Discarding the fourth row leaves

14 s o}
0 1 -4 -5
1 -7 10 0l}|F
1
Using Theorem 2, the common root x can be found as either x*/x2, x2/x or x/1.
For example,

3 —~4 -5 0 1 -5 0
x=—=-11 -4 -5/ /10 —4 -=5|=5
x -7 10 0 1 10 0

In the original equations, if @ = a’ = 0 or if ¢ = ¢’ = 0, | 4| vanishes identically.
Some writers have suggested that the restriction must be made that either ¢ or o’
and either ¢ or ¢’ must be nonzero for the resultant to be valid. However, we note
that in either case, the vanishing of the resultant does correctly identify the existence
of a common root. In the first case, the common root is infinity and in the second
case, the common root is zero.

in general, Sylvester’s method can be used to express the resultant of two
polynomials of degree m and n, respectively, as a determinant of a matrix with
m + n rows and columns.

3.2. Cayley’s Statement of Bezout’s Method

This alternate method for finding the resultant of two polynomials is presented for
three reasons: first, because it produces a more compact expression for the resultant
than Sylvester’s method; second, because a similar technique will be used later to
implicitize a surface; and third, because it generates all the necessary auxiliary
polynomials in one pass without the need to find clever multiplying factors.
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Cayley noted that if two polynomials f({x) and g(x) have a common root x = x,
then the equation f{x}g{a) — f(a)g(x) = 0 will be satisfied by that common root
for any value of a. Since the equation will always be satisfied for x = a (even if
there is no common root), the expression must contain (x — «) as a factor. After
dividing by (x — «), are are left with a polynomial which we choose to view as
having monomials in 1,a, &% ..., where the coefficient of each monomial is a
polynomial in x. Since at the common root x = x, the entire expression must vanish
for any value of «, each of the coefficient polynomials in x must vanish at x;, We
have therefore generated a set of polynomials similar to those obtained from
Sylvester’s method, but in a more compact form. The following example will
illustrate:

ExampLE 2. Find the resultant of two nonhomogencous quadratic polynomials
using Cayley’s method. Given f(x) = a®+ bx + ¢ and g(x) = a'x* + b'x + ¢, we
set up Cayley’s device as follows:

f()8(a) ~ fla)s)
(x - a)
_ {ax? + bx + )(a@’a’ + Pa+ ¢’y —(aa® + ba + c)(a'x’ + b'x + &)
(x - a)

= [(ab’ — a’b)x +(ac’ — a’c)]a + [(ac’ — a’c)x + (b’ — ).

For a common root x = x; to exist, we must have

(ab" —a'b) {ac’ —a'c)||x
=( or Ax = 0.
(ae” —a'c) (b —bc)|l1
From Theorem 1, this can only be true if |A4| = 0, so the resultant is |A|. This is
known as Bezout’s form of the resultant.

3.3. Resultant of Three Polynomials

Once again, the general strategy is to generate a collection of polynomials equal in
number to the number of different terms. The methods of Sylvester and Cayley can,
with modification, find the resultant of three polynomials in two variables. These
methods will be discussed in Section 5 where they are applied to surface implicitiza-
ton,

4, IMPLICITIZING PLANAR CURVES

4.1. Implicitization of Integral Parametric Curves

It 1s a simple matter to implicitize a planar curve using elimination theory, and in
fact the problem was addressed specifically in [13, 11, 10, and 12]. Implicitization of
a parametric quadratic will illustrate the technique. Given x = a,¢* + a,t + a, and
» = byt* + bt + b, the equations are rewritten as a,¢* + a,;¢ + (@, — x) = 0 and
byt* 4+ byt + (by — ¥) = 0. We now view (a, — x) and (b, — y) as the constant
terms. Since the resultant expresses the relationship which must exist among the
coefficients in order for there to exist a + which simultanecusly satisfies both
equations, the resultant itself is the implicit form of the parametric curve.
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Expanding the resultant obtained previously by Sylvester’s method,

a, a; (a,—x) 0
a, a, (ao—x)
b, b (bo_y) 0

b, by (bg—»)
yields

bix® = 2a,b,xy + a3y? +(—2a,b3 + aybib, — a,b? + 2a,byb, )x
a, a; a, 0
2 2 O
+(*2b0a2 + baa, — bya; + Zb:,_aoaz)y + b, b, b O =0,
0 b b b
It is noteworthy that the discriminant of this conic curve is identically zero, which
demonstrates the well-known fact that a parametric quadratic curve is a parabola.
In general a curve defined parametrically by x = f*(¢), y = g"(¢) will have an
implicit form A%(x, p) = 0.
4.2, Implicitization of Rational Parametric Curves

There are a number of strategies one can employ. to implicitize a rational
parametric. We will examine two such approaches. The first is an adaptation of the
method for integral parametrics and the second is based on homogeneous polynomi-
als,

The first approach will be illustrated with rational quadratics. Given

_ay’+at+a, byttt 4 by + by

X = 5 3 y= 2 3
dytc+dit + d, dyt™ + dit +d,
we can write

(dyx — ay)t” +{dyx — a) )t +(dox — ay) =0
and _
(dzy - bz)tz +(d1y - bl)r +(d0y - bo) =0

and eliminate ¢ as before. This leads to a 4 X 4 determinant if we adopt Sylvester’s
method and a 2 X 2 determinant if we use Cayley’s technique. In both cases, the
implicit equation is a degree 2 polynomial in x, y.

In the second approach the equations are written homogeneously as

x = a,t® + aytu + agu’
y = byt? + bitu + byu’
W dyt  dyu + dou’,
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Multiplying these equations by u and ¢, respectively, generates six equations with six
unknowns:

[x 0 a, ay 0 0]f-¢
y 0 b, b b 0 |}-u
w 0 dy d d, 0[]
0 x 0 a, a ay|)ut? =0
0 y 0 b, b by||ut
|6 w0 2 4y dy | u’

This implicitization yields a second degree homogeneous polynomial in x, y, and w,
but because we only care about the ratios of the homogeneous coordinates, we can
simply set w to 1, since this is equivalent to dividing by w2,

From the second approach, it is evident that the implicit form of a 2-D curve
defined parametrically by rational polynomials of degree » will be a polynomial in x
and y of degree n.

4.3. Inversion of Curves

The inversion problem is solvable immediately using the resultant matrix. We
illustrate with Sylvester’s method. Consider the quadratic case x = a,t? + a;f +
ay, ¥ = byt* + byt + by. The equations defining the resultant matrix are

a, a, (a,— x) 0 £
0 a a (ag — x) _12 ~0
by by (by—y) 0 ! .
0 b by (by—y) {1

Our goal is to find the value of ¢ corresponding to a point (x, ) known to be on
the curve. Since all four of the above equations are satisfied by the desired ¢, any row
of the matrix may be deleted to leave three homogeneous equations in the four
unknowns: 13, ¢% ¢, 1. Using Theorem 2, the ratio of any two adjacent terms can be
found and that ratio will equal 7. In the event the point lies on a self-intersection, all
of the unknowns vanish and an approach such as mentioned in {13] must be used.

This inversion technique demonstrates the interesting result that for a parametric
curve whose defining polynomials have rational coefficients, each point on the curve
with rational (x, y) coordinates has a corresponding parameter value that is rational.
This is known as birational correspondence.

5. IMPLICITIZING SURFACES

A general bivariate surface can be expressed parametrically as
Ps,t)=fl(als™ ") —x=0
Py(S: t) =f2(b|.$‘m, tn) -y = 0
P(s,t)=f3cls™ t") ~z = 0.
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The implicit form of the surface equation is desired. It must be of the form
f(x, y,z) =0, and only (x, y; z)} points on the surface must satisfy the equation.
Implicitization of a surface may therefore be viewed as determining the conditions
under which the polynomials, P,, P,, P, can be satisfied simultaneously; therefore
f(x, y, z) is the resultant of the polynomials P, P,, P,.

The strategy here is analogous to that for implicitizing curves. Once again, our
goal is to arrive at 4 number of auxiliary equations, deduced from the parametric
surface equations, equal in number to the number of variables, Sylvester’s dialytic
method can be applied to the bilinear surface, but for bivariate surfaces of higher
degree, that method can introduce linearly dependent equations which cause the
resultant to vanish identically, An extension of Cayley’s method will be used to
generate a resultant matrix for a general bivariate surface.

Despite its limitations, Sylvester’s method provides a better introduction to
surface implicitization than does Cayley’s method. Subsection 5.1 demonstrates
bilinear surface implicitization using Sylvester’s method.

5.1. Bilinear Surface Implicitization
A bilinear surface has the form
P(s,t)y=(ayg—x)+aps+at+asr=90
P(s,t)=(by—y)+bis+byit+byst=0
Ps,t)={(cy—z)+ o+ epf + st = 0.

These equations can be multiplied by either s or ¢ to form six “independent
variables.” Multiplying by s, the following set of equations arise:

_(ao - x) a, a, a; 0 0 1
(b, — ¥) b, b, b, 0 0 s
{cg— 2) ¢y c; ¢ 0 0 Y 0
0 = (ag—x) 0 ay, a ay})st '
0 (by—y) O b, by by|]|s?
| 0 (co—2) 0 e ¢ o \s%]

From the same reasoning we applied to curves, the implicit form of the bilinear
surface is the determinant of the coefficient matrix. This equation is clearly second
degree in x, y, z and it is, in fact, the equation of a hyperbolic paraboloid.
5.2. Extension of Cayley’s Method
Dixon made the following observation [5]: If there exists an (s',1") which will

simultaneously satisfy P, = P, = P, = 0, the following determinant will vanish for
that value of (s, t) regardless of the values of o and .

Ps,t) P/(s,t) Pls,¢)

det(s,t,a,ﬁ): Px(a’t) Py(a’r) .Pz(ﬂ’.,t) -
Px(a?B) Py(a’-B) Pz(“:B)
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This determinant vanishes for any (s’, ') which simultaneously satisties P, = P,
= P, = 0 since the top row vanishes. Also, the determinant will vanish if either
s = a or £ = f since then two rows would be identical. Hence, (s — &) and (r — §)
are factors of the determinant. Define

det(s,?,a, )
(s—a)(t—8)"

8(s,t,a,B) =
Clearly, 6 will vanish for any value of « and 8 if and only if s = s" and r = ¢’. Note
100 that if the bivariate surface is of degree » in 5 and degree m in ¢, then & is of
degreen — 1lin s,2m — 1lin¢,2n— 1in o, and m — 1 in B. Now consider & as a
polynomial in « and # whose coefficients are polynomials in s and #:

Zn—1m-1

b= 2 X fils.0)ap’.

i=0 j=0
This polynomial has 2mn terms. Since it must vanish for any value of « and 8 if
s=s', t =1, all of the f, j(s’, "y must vanish. Hence, 2mn polynomials have been
generated, each of which has 2mn terms in s and 7 since s appears in degree n — 1
and ¢ in degree 2m — 1. The determinant of these coefficients will evidently serve as
the resultant, '

The set of equations can be expressed:

Polynomial

coeflicients

gy C[AR0,00) . A0k Ty L AD,8,8 1,20 — 1) 500

ap A0y L Ak L AG - 12w ket S0
adnolgm—1. A(2n—1, .. A(zn -1, . A{2n—1,m-1, s l2mot

m— 1,0,0) m—1,k, ) n—1.2m—1)
The desired resultants will be the determinant of the matrix.

The formula for computing each A(j, j, k,]) will now be presented. The deriva-
tion of the formula is not straightforward and may be found in [5]. There it is shown
that A(Z, j k1) =X(a,;,.bg,Cppp)y for all F+ K+ M= and J+ L+ N=]
where L=L"+j+1land M=M +k+1(L J,K, L', M', N are all nonnegative
integers), and where (a;;, by, ¢5ry) indicates the determinant of the 3 X 3 matrix
whose principal diagonal is a,;, by, ¢y Note that only the first column of the
above determinant can contain the variables x, y, z because they only appear if both
subscripts are zero, and L and M cannot be less than one. Therefore, all of the
elements in the resultant matrix will be, at worst, linear in x, y, z and the resultant
will be of degree 2mn in x, y, z.

5.3. Rational Bivariate Surfaces

It will now be shown that the degree of a rational bivariate surface is also 2mn.
Let

D :f(d}sm’tn)ﬂ

x = f(als™, t")/D,
y =f(b|s™1")/D,
z=f(c|s™ *)/D.
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The polynomials whose resultant is sought are

xD — flals™, ") =0
yD —f(bls™, ") =0
zD = flels™, ")y = 0.

In this case, the coefficients of the resultant matrix are A(i, j, k,!) = (d; ;x —
Ay di 1y = by g, dy vz — ¢y y). Using the multilinearity of the determinant
function, each (d; ;x — a; j,dg 1y~ by 1, dyrnz — €3, x) can be expressed as the
sum (dp;x, dy ¥, dynz) +(dpx, dypy, — ey + oo H(—ap, —bgg, —cyy). But
any of these determinants which have more than one column involving x, y, or z
must vanish since any two such columns are linearly dependent. Hence, (d,,x — a,,
dgry = brr, dynz — epyy) = (dyy, —byp, —cayn)X + (=@, dgp— Cyy)
yt{(—ap, —bgr, dyn)z + (—a;;, —bg;, —cpy) which is linear in x, y and =z
Therefore, the implicit form of the rational bivariate surface is of degree 2mn.

5.4. Inversion of Surfaces

As discussed, the resultant for implicitizing surfaces is the determinant of a matrix
of coefficients for a set of 2mn polynomials whose terms are s'2/. The ratio of any of
these terms can be found by Theorem 2, yielding s = s%/ /s' 1t/ t = st/ /5't/ 71 for
any available 7 and j. The same discussion of self-intersections applies here as in
Subsection 4.2,

6. APPLICATIONS TO CUBIC CURVES AND BICUBIC PATCHES

We now turn our attention to cubic curves and bicubic patches—the two most
prominent types of curves and surfaces in computer aided geometric design.

The technigues discussed in Section 4 now make it not only possible but easy to
find the implicit form of a parametric cubic curve. Since it is a degree 3 polynomial
in x and y, we can find all the intersection points of two planar parametric cubic
curves simply by solving one degree 9 polynomial in 7. This simple analytic method
for finding all the intersection peints is a major improvement over standard iterative
techniques which only find one intersection point at a time and to do even that
requires a good initial guess.

Similarly, the inversion problem can be solved directly by the given analytic
method. This is a clear Improvement over existing techniques which are based on
iterative numerical approximation.

As for the bicubic patch, it can now be seen that the general bicubic patch is an
algebraic surface of degree 18. This agrees with Kajiva’s observation that a ray can
intersect a bicubic patch in at most 18 points [7}. An algebraic surface f*(x, v, z) =0
has (n + 1)}{(n + 2)(n + 3)/6 terms, so the implicit equation of the bicubic patch has
1330 different terms! Using the method described above, it is possible to find the
coefficients of these terms simply by expanding determinants.

Without elimination theory, the only solution to the inversion problem is to
simultaneously solve a pair of degree 6 polynomials in two variables. The method
presented in this paper solves the inversion problem in closed form, linear fashion.
Specifically, the solution amounts to solving a set of 17 linear equations.
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The nature of curves of intersection is also illuminated by these results. Because
two surfaces of degree m and n, respectively, intersect in a curve of degree mn, a
bicubic patch in general intersects a plane in a curve of degree 18, a quadric surface
in a curve of degree 36, a torus in a curve of degree 72, and another bicubic patch in
a curve of degree 324. It should be realized that the intersection curve of degree mn
can be a collection of several distinct curves whose respective degrees sum to mn.

7. IMPLICIT TO PARAMETRIC CONVERSION

Having solved the implicitization problem, it is natural to wonder about going the
other way; that is, can we always find a rational polynomial parameterization for an
algebraic curve or surface. In general, we shall see that the answer is no, but for
second-degree curves and surfaces this parameterization problem can always be
solved. Indeed it is well known that for degree 2 all the cross terms can be removed
by rotations. A simple but clever factorization technique can then be applied to
parameterize the curve or surface. We shall illustrate the factorization technigue for
the circle and the sphere, for example, the circle: x* + y> = R?. First we factor into
linear factors

x-x={(R+y)}R—y).

Rearranging these terms into rational linear factors and introducing the parameter ¢,
we get

t= == {Factorization step).

From the factorization step, we can generate two linear equations in x, y with
coefficients in ¢, and we can solve these equations for x, y in terms of r. Thus
x — ty = Rt and tx + y = R, from which it is easily found that

Y
= 2Rt and _RQO t).
1+ ¢ 1+

To factor the sphere: x? + y? + z2 = R?, first we introduce an auxiliary variable w:
1) x?+ y?=w?
2y w2 + z?2 = R%

Next using the technique of the preceding example, we separately parameterize
each of these two equations. This leads to

2ws w(l —5%) 2Rt R(1 — %)
X = ) yz—s W= " = -
1+s2 1+ 52 1412 (t +1%)

Combining these results, we obtain

B 4Rst __2R(1 -5 L R(1-1¢%)
TThUraoa+a)) YT+ o), (1 +e2)
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Unfortunately, this factorization technique does not generalize to higher order
curves and surfaces since even when we can siill factor them, the equations we
generate are no longer linear in x, y.

The problem of finding specific parametric representations for algebraic curves
and surfaces is known classically as the uniformization problem. In 1865, Clebsch [3]
proved the following uniformization theorem:

CLEBACH UNIFORMIZATION THEOREM. An algebraic curve has a parametric ra-
tional polynomial representation if and only if the curve has genus zero.

For an algebraic curve of degree n with ordinary multiple points, the genus is the
nonnegative integer defined by the formula

(n—1)(n—-2) r(n-1
2 R

where r, is the multiplicity of the ith multiple point. For further details, see [16]. It
follows immediately from Clebsch’s Uniformization Theorem that all degree 2
curves have parametric rational polynomial representations, and that there are
degree 3 curves which fail to have such representations. This result explains why the
factorization method works so nicely for conic sections but fails to generalize even to
third degree curves. Similar results hold for surfaces.

Algebraic curves and surfaces of genus > 0 can still be parameterized, but they
require more complicated functions. Clebsch [4] and Brill [2] showed that for curves
of genus one and two, square roots are required. For curves of genus > 2 even more
complicated functions are needed [9}].

genus =

8. CONCLUSION

The study of curves and surfaces in computer-aided geometric design has not fully
benefitted from the light cast on the subject by the great analytic geometers of the
last century. This paper presents two important examples of problems deemed
unsolvable in the CAD literature, which are, in fact, solvable using century-old
theorems.

ACKNOWLEDGMENTS

Special words of thanks are due to Hank Christiansen, Scott Staley, Dennis
Arnon, and Joseph Lipman for their helptul advice.

REFERENCES

1. k. Blinn, Computer Display of Curved Surfaces, Ph.D. thesis, University of Utah, 1978.

2. A. Ball, J. fir Marh. 65, 1866, 269-283.

3, A. Clebsch, J. fir Math. 64, 1865, 43635,

4. A. Clebsch, J. fir Math. 64, 1865, 210-270.

5. A. L. Dixon, The eliminant of three quantics in two independent variables, Proc. London Math Soc.
(2) 76, 1908, 49-69.

6. I. D. Faux, and M. A, Pratt, Computational Geometry for Design and Manufacture, Ellis Horwood,
Chichester, 1981,

7. 1. Kajiva, Ray tracing parametric patches, Comput. Graphics 16 (3), 1982, 245-254.

8. F. S. Macaulay, The Algebraic Theory of Modular Systems, Cambridge Univ. Press, London,/New
York, 1916.

9. H. Poincare, L'Uniformisation Des Fonctions Analytiques, Acta Math. 31, 1907, 1-63.

10. H. W. Richmond, The equation of a plane rational curve defined by parametric equations, Bull. of
Amer. Math. Soc., 1916, 90-91.



84 SEDERBERG, ANDERSON, AND GOLDMAN

11. J. E. Rowe, A new method of finding the equation of a rational plane curve from its parametric
equations, Bull. Amer. Math Soc., 1916, 338340,

12, J. E. Rowe, The equation of a rational plane curve derived from its parametric equations (Second
paper), Bull. Amer. Math. Sec., 1917, 304-307.

13. G. Salmon, Modern Higher Algebra, Hodges, Smith & Co., Dublir, 1866.

14.D. M. Y. Sommerville, Analytical Geometry of Three Dimensions, Cambridge Unjv. Press,
London/New York, 1951,

15. H. G. Timmer, 4 Solution to the Surface Intersection Problem, McDonnell-Douglas Corp., Report,
No. NAS2-9590, 1977,

16. R. J. Walker, Aigebraic Curves, Princeton Univ, Press, Princeton, N.J., 1950,



